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Different frames

4

again valid in both frames. Here α is the electromagnetic coupling constant. From Eq. (10) one immediately
reproduces Eq. (2). Higher harmonics in cos(nφ) do not occur in the angular distribution due to the fact that
the kinematics of the process are fully determined by only three momentum vectors, P1, P2, and q. In case the
polarization of the leptons is not summed over or in case of electroweak corrections sinφ and sin 2φ terms will
also be present, but these will not be considered here. We also note that the structure functions WT,L,∆,∆∆ are
associated with specific polarizations of the virtual photon [2]: WT = W 1,1, WL = W 0,0, W∆ = (W 0,1+W 1,0)/

√
2,

and W∆∆ = W 1,−1, where the first (second) superscript denotes the photon helicity in the amplitude (its complex
conjugate) of the Drell-Yan process. The azimuthal dependence introduced by W∆ and W∆∆ therefore comes
from their single- or double-spin-flip property, respectively.

In both frames, T µ ≡ qµ/Q and Y µ ≡ εµναβXνZαTβ . In the CS frame, the Z axis is defined as pointing in the

direction that bisects the angle between the three-vectors $P2 and −$P1, see Fig. 1. This gives

Zµ ≡
1

√
Q2 + Q2

T

(
qpP̃

µ + qP p̃µ
)

=
2

s
√

Q2 + Q2
T

(
(P2 · q)P̃µ

1 − (P1 · q)P̃µ
2

)
, (11)

where Q2
T ≡ q2

T is the square of the transverse momentum qT of the virtual photon with respect to the two
hadron momenta. Furthermore, qP ≡ (P · q)/

√
s, qp ≡ −(p · q)/

√
s (in the hadronic c.m.s. qP is the energy of the

virtual photon, while qp is its z-component). Finally, in Eq. (11) P̃µ
i ≡ Pµ

i − qµ(P1 · q)/Q2 (note there is no factor
1/

√
s in the latter definition, compared to the definitions of P̃ and p̃ above). For the X-axis one chooses

Xµ = −
Q

QT

√
Q2 + Q2

T

(
qP P̃µ + qpp̃

µ
)

= −
2Q

sQT

√
Q2 + Q2

T

(
(P2 · q)P̃µ

1 + (P1 · q)P̃µ
2

)
. (12)

In the GJ frame, the Z axis points in the direction of the three-vector $P1, see Fig. 2:

Zµ ≡
Q

qP − qp

(
P̃µ + p̃µ

)
=

Q

P1 · q
P̃µ

1 . (13)

Furthermore,

Xµ = −
1

QT (Q2 + Q2
T )

(
(Q2qP − Q2

T qp)P̃
µ + (Q2qp − Q2

T qP )p̃µ
)

= −
2Q

sQT

(
(P2 · Z)P̃µ

1 − (P1 · Z)P̃µ
2

)
.(14)

One finds that the three-vector components of the X and Z axes of the two frames are related by a rotation:

$ZGJ = cos γ $ZCS + sin γ $XCS , (15)

$XGJ = − sinγ $ZCS + cos γ $XCS , (16)

^

x̂
P

2P1

!

"

lepton plane (cm)

l
z
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FIG. 1: The Collins-Soper frame.
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FIG. 2: The Gottfried-Jackson frame.

where

cos γ =
Q

√
Q2 + Q2

T

, sin γ = −
QT√

Q2 + Q2
T

. (17)

Thus, in the limit QT → 0 the two sets of X, Z axes coincide.
Inserting the above definitions of the coordinate axes into the hadronic tensor in Eq. (9) and comparing to

Eq. (8), one can derive for each frame the relations between the sets W1,2,3,4 and WT,L,∆,∆∆ of structure functions.
For the CS frame this gives (this is Eq. (B2) of Ref. [2]):

WT = W1 − W∆∆ ,

WL = W1 +
1

Q2 + Q2
T

(
q2
pW2 + qpqP W3 + q2

P W4

)
,

W∆ = −
QT

Q(Q2 + Q2
T )

(
qpqP (W2 + W4) +

1

2
(q2

P + q2
p)W3

)
,

W∆∆ = −
Q2

T

2Q2(Q2 + Q2
T )

(
q2
P W2 + qpqP W3 + q2

pW4

)
, (18)

while for the GJ frame one finds (this is a corrected version of Eq. (B3) of [2] and also of a corresponding expression
in reference-note 5 of [29]):

WT = W1 − W∆∆ ,

WL = W1 +
(
α2W2 + αβW3 + β2W4

)
,

W∆ =
QT

qP − qp

(
α(W2 +

1

2
W3) + β(W4 +

1

2
W3)

)
,

W∆∆ = −
Q2

T

2(qP − qp)2
(W2 + W3 + W4) , (19)

where

α ≡
qP

Q
−

Q

qP − qp
,

β ≡
qp

Q
−

Q

qP − qp
. (20)

Gottfried-JacksonCollins-Soper
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Connecting the frames
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Low transverse momentum

Low
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see Werner’s talk
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Matching?
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Low transverse momentum
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High transverse momentum

dσ

d4q dΩ
∝ α2

Q2
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High transverse momentum

dσ

d4q dΩ
∝ α2

Q2

[
(1 + cos2 θ)F 1

UU + (1− cos2 θ)F 2
UU + sin 2θ cos φF cos φ

UU + sin2 θ cos 2φF cos 2φ
UU

]

All twist 2
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It is in principle possible to write a single expression from low to 
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From TMD to collinear PDFs?

TMD extrapolation (bad)

collinear description 
(good)

F 1
UU

To obtain PDFs, you need to integrate into the high qT region, 
where TMDs cannot be used. 
You should NOT expect to recover PDFs from TMDs.18
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TMD part

17

Φ̄q [iσi−γ5] = Si
bT hq̄

1(xb,!k
2
bT ) +

ki
bT (!kbT · !SbT ) − 1

2
!k2

bT Si
bT

M2
b

h⊥q̄
1T (xb,!k

2
bT )

+ SbL
ki

bT

Mb
h⊥q̄

1L (xb,!k
2
bT ) −

εij
T kj

bT

Mb
h⊥q̄

1 (xb,!k
2
bT ) . (87)

Note the respective sign change in front of the epsilon tensor εij
T which is due to the interchange of plus-momenta

and minus-momenta.

C. Leading spin observables

Now we are in a position to calculate all the leading twist observables for qT " q by inserting the traces
(81)–(83) and (85)–(87) into the hadronic tensor (73). We mention again that the contraction of the hadronic
and the leptonic tensor is performed in the cm-frame where, in order to get the leptonic tensor in that frame,
use is made of Eqs. (53), (54). Since the lepton momenta contain angles in the CS-frame our final result for the
cross section is of the form (57). Here one has to keep in mind that the leading twist calculation of course merely
provides nonzero results for part of the structure functions in (57). Carrying out the contraction of the tensors
and keeping only the leading contribution in 1/q one finds

dσ

d4q dΩ
=

α2
em xaxb

2 q4

1

Nc

∑

q

e2
q

∫

d2!kaT d2!kbT δ(2)(!qT − !kaT − !kbT ) ×

[

(1 + cos2 θ)
(

Φq [γ+] Φ̄q [γ−] + Φq [γ+γ5] Φ̄q [γ−γ5]
)

+ sin2 θ
(

cos 2φ
(

δi1δj1 − δi2δj2
)

+ sin 2φ
(

δi1δj2 + δi2δj1
)

)

Φq [iσi+γ5] Φ̄q [iσj−γ5]
]

+{Φ ↔ Φ̄} + O(1/q) . (88)

To present the leading twist spin observables we will make use of the following notation for the convolution of
TMDs in the transverse momentum space:

C [w(!kaT ,!kbT )f1f̄2] ≡
1

Nc

∑

q

e2
q

∫

d2!kaT d2!kbT δ(2)(!qT − !kaT − !kbT )w(!kaT ,!kbT ) ×

[

f q
1 (xa,!k2

aT ) f q̄
2 (xb,!k

2
bT ) + f q̄

1 (xa,!k2
aT ) f q

2 (xb,!k
2
bT )

]

. (89)

The two terms on the r.h.s. of (89) are generated by the two diagram in Fig. 1. For the parton model calculation
it is convenient to introduce a number of linear combinations of various structure functions given in Eq. (57):

F sin(2φ−φa)
TU ≡ − 1

2

(

F cos 2φ
TU − F sin 2φ
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)
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2

(
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)

, F sin(2φ+φb)
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2

(

F cos 2φ
UT + F sin 2φ

UT

)

,

F cos(2φ−φb)
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2

(

F cos 2φ
LT + F sin 2φ

LT

)

, F cos(2φ+φb)
LT ≡ 1

2

(

F cos 2φ
LT − F sin 2φ
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)

,

F cos(2φ−φa)
TL ≡ 1

2

(

F cos 2φ
TL + F sin 2φ

TL

)

, F cos(2φ+φa)
TL ≡ 1

2

(

F cos 2φ
TL − F sin 2φ

TL

)

,

F cos(2φ−φa−φb)
TT ≡ 1

2

(

F cos 2φ
TT + F sin 2φ

TT

)

, F cos(2φ−φa+φb)
TT ≡ 1

2

(

F̄ cos 2φ
TT + F̄ sin 2φ

TT

)

,

F cos(2φ+φa−φb)
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2

(
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TT − F̄ sin 2φ

TT

)

, F cos(2φ+φa+φb)
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2

(
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)

.

(90)

Using the unit vector !h ≡ !qT /qT one eventually finds the following leading order structure functions in the
CS-frame:

F 1
UU = C

[

f1 f̄1

]

, (91)

F cos 2φ
UU = C

[

2
(

!h · !kaT

)(

!h · !kbT

)

− !kaT · !kbT

MaMb
h⊥

1 h̄⊥
1

]

, (92)∑

q

e2
q

∫
d2!kaT d2!kbT δ(2)(!qT − !kaT − !kbT )

[
fq
1 (xa,!k2

aT ;Q) f q̄
2 (xb,!k

2
bT ;Q) + (q ↔ q̄)

]
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Unpol. TMD “state of the art”
f1(x, kT ;Q) =

1
2π

∫
d2bT e−ikT ·bT [C ⊗ f1](x, bT ) e−S′(bT ,Q) e−S′

NP(x,bT ,Q,αi)

T. Rogers, M. Aybat, arXiv:1101.5057 
see also M. Garcia’s talk
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Unpol. TMD “state of the art”

T. Rogers, M. Aybat, arXiv:1101.5057 
Landry, Brock, Nadolsky, Yuan, PRD67 (03)
P. Schweitzer, T. Teckentrup, A. Metz, PRD81(10)
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FIG. 1: The up quark TMD PDF for Q =
√
2.4, 5.0 and 91.19 GeV and x = 0.09. The upper plot shows the result of using the

BLNY fit in Eq. (37) with bmax = 0.5 GeV−1 while the lower panel shows the BLNY fit obtained with bmax = 1.5 GeV−1. The
solid maroon, dashed blue, and red dot-dashed curves are for Q =

√

2.4, 5.0 and 91.19 GeV respectively (see online version for
color).
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the dash-dotted maroon curve is obtained by setting the B-factor in Eq. (26) equal to 1. (See online version for color.)
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Data and TMD extractions
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Data and TMD extractions

E288, Ito et al., PRD23 (81)E605, Moreno et al. PRD43 (91) 24
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BLNY fit
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BLNY fit 
Landry, Brock, Nadolsky, Yuan, PRD67 (03)δNexp

√
S δNexp

p + p → µ+µ− + X

p + Cu → µ+µ− + X

p + Cu → µ+µ− + X

Z p + p̄ → Z + X

Z p + p̄ → Z + X

Z p + p̄ → Z + X

Z

Q0 = 1.6 bmax = 0.5 −1

QT

Q
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x dependence of TMDs

!2 !1 0 1 2 pT!GeV" !2 !1 0 1 2 pT!GeV"

?
x=0.1 x=0.001
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x dependence of TMDs
T. Rogers, M. Aybat, arXiv:1101.5057 
Landry, Brock, Nadolsky, Yuan, PRD67 (03)
P. Schweitzer, T. Teckentrup, A. Metz, PRD81(10)

Widening driven by Tevatron data
28
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Multidim. studies are needed
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New E866 data
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Flavor-dependent TMDs

!2 !1 0 1 2 pT!GeV" !2 !1 0 1 2 pT!GeV"

?
valence sea

31
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s− s̄

d̄− ū

D-Y: impact on PDFs

Blue: adding E605 and E866 data

We can expect similar impact on TMDs
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NNPDF Coll., NPB838 (10), see E. Nocera’s talk

s− s̄

d̄− ū

D-Y: impact on PDFs

Blue: adding E605 and E866 data

We can expect similar impact on TMDs
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Future perspectives

• COMPASS pion-nucleon may be useful to constrain pion 
unpolarized TMDs (will it be useful for the proton ones?)

• To study flavor dependence, it would be nice to have 
different beam/targets (e.g., antiprotons, deuterons)

• W production should be extremely useful for flavor 
studies
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Matching?
High qTLow qT

F ∼ qT

Q

1
M2 + q2

T
F ∼ 1

QqT
F ∼ 1

Q

qT

M2 Tw 2Tw 3

Yes, but not quite...
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Unexpected mismatch

M2 Q2
q2
T

Bacchetta, Boer, Diehl, Mulders, JHEP08 (08)
36
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Unexpected mismatch

M2 Q2
q2
T

Bacchetta, Boer, Diehl, Mulders, JHEP08 (08)

The TMD formalism at twist 3 is incomplete 
(Is it possible to fix it?)
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Low transverse momentum

F cos φ
UU,CS =

2M1

Q
C
[
ĥ · k2T

M2
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h + h̃

2
h̄⊥1 −

M2

M1
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2

)
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ĥ · k1T

M1

(
f⊥ + f̃⊥

2
f̄1 −

M2

M1
h⊥1

h̄ + ˜̄h
2

)]

Z. Lu and I. Schmidt, PRD84 (11)
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Pure twist 3
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Low transverse momentum
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ĥ · k1T

M1

(
f⊥ + f̃⊥

2
f̄1 −

M2

M1
h⊥1

h̄ + ˜̄h
2

)]

F cos φh

UU,GJ =
2M1

Q
C
[
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Low transverse momentum
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ĥ · k1T

M1

(
f⊥ + f̃⊥

2
f̄1 −

M2

M1
h⊥1

h̄ + ˜̄h
2

)]

F cos φh

UU,GJ =
2M1

Q
C
[
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SIDIS

Pure twist 3
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From low to high qT
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Bacchetta, Boer, Diehl, Mulders, JHEP08 (08)
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From low to high qT
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From low to high qT
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From low to high qT
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SIDIS example
Low qT

Intermediate qT
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Does not match exactly!
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“Wandzura-Wilczek” approx

f⊥ =
f1
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+ f̃⊥
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“Wandzura-Wilczek” approx

f⊥ =
f1

x
+ f̃⊥

Formally “fine,” but probably is not realistic 
and misses nice physics of quark-gluon 
correlations
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“Wandzura-Wilczek” approx

Formally wrong. 
E.g., violates time-reversal condition:

h =
k2
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M2

h⊥1
x

+ h̃

∫
d2kT h(x, k2

T ) = 0
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“Wandzura-Wilczek” approx

h =
k2

T

M2

h⊥1
x

+ h̃

Formally “fine,” but probably is not realistic 
and misses nice physics of T-odd functions.
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Quark-gluon correlations

• Describe physics effects of the presence of the gluons together with 
the quarks (quarks feeling the QCD interaction...)
see, e.g., Burkardt  arXiv:0810.3589
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Quark-gluon correlations

• Describe physics effects of the presence of the gluons together with 
the quarks (quarks feeling the QCD interaction...)
see, e.g., Burkardt  arXiv:0810.3589

• Some models already exist
see, e.g., Lu, Schmidt, arXiv:1202.0700 
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Quark-gluon correlations

• Important for the high-transverse-momentum tails of TMDs
see, e.g., Ji, Qiu, Vogelsang, Yuan, PLB638 (06)
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Quark-gluon correlations

• Important for the high-transverse-momentum tails of TMDs
see, e.g., Ji, Qiu, Vogelsang, Yuan, PLB638 (06)

• Intriguing properties from the theoretical point of view (e.g., 
evolution)
see, e.g., Braun, Manashov, Pirnay, PRD80 (09)
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Matching?

F ∼ q2
T

Q2

1
M2 + q2

T

High qTLow qT

F ∼ 1
Q2F ∼ 1

Q2

q2
T

M2 Tw 2Tw 4
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Expected mismatch

M2 Q2
q2
T

B

Q2

A M2

q4
T

F cos 2φh

UU

0 1 2 3 4

unweighted

F cos 2φh

UU

q2
T (GeV2)

47

Tuesday, 22 May 2012



Expected mismatch

M2 Q2
q2
T

B

Q2

A M2

q4
T

F cos 2φh

UU

0 1 2 3 4

unweighted

F cos 2φh

UU

q2
T (GeV2)Two distinct mechanisms are involved 

47

Tuesday, 22 May 2012



TMD description

17

Φ̄q [iσi−γ5] = Si
bT hq̄

1(xb,!k
2
bT ) +

ki
bT (!kbT · !SbT ) − 1

2
!k2

bT Si
bT

M2
b

h⊥q̄
1T (xb,!k

2
bT )

+ SbL
ki

bT

Mb
h⊥q̄

1L (xb,!k
2
bT ) −

εij
T kj

bT

Mb
h⊥q̄

1 (xb,!k
2
bT ) . (87)

Note the respective sign change in front of the epsilon tensor εij
T which is due to the interchange of plus-momenta

and minus-momenta.

C. Leading spin observables

Now we are in a position to calculate all the leading twist observables for qT " q by inserting the traces
(81)–(83) and (85)–(87) into the hadronic tensor (73). We mention again that the contraction of the hadronic
and the leptonic tensor is performed in the cm-frame where, in order to get the leptonic tensor in that frame,
use is made of Eqs. (53), (54). Since the lepton momenta contain angles in the CS-frame our final result for the
cross section is of the form (57). Here one has to keep in mind that the leading twist calculation of course merely
provides nonzero results for part of the structure functions in (57). Carrying out the contraction of the tensors
and keeping only the leading contribution in 1/q one finds

dσ

d4q dΩ
=

α2
em xaxb

2 q4

1

Nc

∑

q

e2
q

∫

d2!kaT d2!kbT δ(2)(!qT − !kaT − !kbT ) ×

[

(1 + cos2 θ)
(

Φq [γ+] Φ̄q [γ−] + Φq [γ+γ5] Φ̄q [γ−γ5]
)

+ sin2 θ
(

cos 2φ
(

δi1δj1 − δi2δj2
)

+ sin 2φ
(

δi1δj2 + δi2δj1
)

)

Φq [iσi+γ5] Φ̄q [iσj−γ5]
]

+{Φ ↔ Φ̄} + O(1/q) . (88)

To present the leading twist spin observables we will make use of the following notation for the convolution of
TMDs in the transverse momentum space:

C [w(!kaT ,!kbT )f1f̄2] ≡
1

Nc

∑

q

e2
q

∫

d2!kaT d2!kbT δ(2)(!qT − !kaT − !kbT )w(!kaT ,!kbT ) ×

[

f q
1 (xa,!k2

aT ) f q̄
2 (xb,!k

2
bT ) + f q̄

1 (xa,!k2
aT ) f q

2 (xb,!k
2
bT )

]

. (89)

The two terms on the r.h.s. of (89) are generated by the two diagram in Fig. 1. For the parton model calculation
it is convenient to introduce a number of linear combinations of various structure functions given in Eq. (57):

F sin(2φ−φa)
TU ≡ − 1

2

(

F cos 2φ
TU − F sin 2φ

TU

)

, F sin(2φ+φa)
TU ≡ 1

2

(
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TU + F sin 2φ
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F sin(2φ−φb)
UT ≡ − 1

2
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, F sin(2φ+φb)
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2
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(
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(
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TT ≡ 1

2

(

F cos 2φ
TT + F sin 2φ

TT

)

, F cos(2φ−φa+φb)
TT ≡ 1
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.

(90)

Using the unit vector !h ≡ !qT /qT one eventually finds the following leading order structure functions in the
CS-frame:

F 1
UU = C

[

f1 f̄1

]

, (91)

F cos 2φ
UU = C

[

2
(

!h · !kaT

)(

!h · !kbT

)

− !kaT · !kbT

MaMb
h⊥

1 h̄⊥
1

]

, (92)

Boer-Mulders TMD
“spin without spin”
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Note the respective sign change in front of the epsilon tensor εij
T which is due to the interchange of plus-momenta

and minus-momenta.

C. Leading spin observables

Now we are in a position to calculate all the leading twist observables for qT " q by inserting the traces
(81)–(83) and (85)–(87) into the hadronic tensor (73). We mention again that the contraction of the hadronic
and the leptonic tensor is performed in the cm-frame where, in order to get the leptonic tensor in that frame,
use is made of Eqs. (53), (54). Since the lepton momenta contain angles in the CS-frame our final result for the
cross section is of the form (57). Here one has to keep in mind that the leading twist calculation of course merely
provides nonzero results for part of the structure functions in (57). Carrying out the contraction of the tensors
and keeping only the leading contribution in 1/q one finds
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The two terms on the r.h.s. of (89) are generated by the two diagram in Fig. 1. For the parton model calculation
it is convenient to introduce a number of linear combinations of various structure functions given in Eq. (57):
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Using the unit vector !h ≡ !qT /qT one eventually finds the following leading order structure functions in the
CS-frame:
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Boer-Mulders TMD
“spin without spin”
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On the cos2ϕ modulation
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Bacchetta, Boer, Diehl, Mulders, JHEP08 (08)
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Can be calculated 
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Resummation 
important.
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On the cos2ϕ modulation
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Q2

M2

q2
T

Boer-Mulders 
effect

Can be calculated 
with pQCD.
Resummation 
important.

Nonperturbative twist-4.
No factorization.
 (Cahn twist-4 can be a model?)

Bacchetta, Boer, Diehl, Mulders, JHEP08 (08)
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Phenomenology

Trento 2012 DY Phenomenology 25

Perturbative QCD calculations (red line) compared with Boer-Mulders fits (by [Zhang,

Lu, Ma, Schmidt 2008])
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Enzo Barone’s talk

pQCD calculation

Boer-Mulders fit
Zhang, Lu, Ma, Schmidt, PRD78 (08)
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Violation of Lam-Tung relation
1− λ = 2ν

May be a better way to study Boer-Mulders function,  
since pQCD contributions may cancel

talk by P. Reimer at DY@BNL workshop
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Already unpolarized Drell-Yan has many rich features 
related to TMDs... 
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Conclusions

Already unpolarized Drell-Yan has many rich features 
related to TMDs... 

...imagine what happens with polarization!

see next talk and tomorrow’s talks
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